Module 1
Coulomb's law, Electric Field Intensity, Flux Density
& Gauss's Law

Electric field is the region or vicinity of a charged body where a test charge experiences a force.
It is expressed as a scalar function of co-ordinates variables. This can be illustrated by drawing
‘force lines’ and these may be termed as ‘Electric Flux’ represented by [J and unit is coulomb

(©).

Electric Flux Density (D) is the measure of cluster of ‘electric lines of force’. It is the number
of lines of force per unit area of cross section.

D = % c/m?>  or y= If) i ds C where fiis unit vector normal to surface
ie., s

Electric Field Intensity (E) at any point is the electric force on a unit +ve charge at that point.

E-F__ G a, Nic
ie. q Adre,r
=i( qlzjal N/ic == N/c orD=¢ EC
So \F7Th o in vacuum
In any medium other than vacuum, the field Intensity at a point distant r m from+ Q C is
EZLZ(% N/c (or V/m)
Areye 1

and D=¢,¢,E C or D= QzérC
drr

Thus D is independent of medium, while E depends on the property of medium.
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Electric Field Intensity E for different charge configurations
1. Edue to Array of Discrete charges
LetQ,Q1,Q2, ......... Qn be +ve chargesatP, Py, Py, ........... P, . Itis required to find EatP.

E, = L szém V/im
dre, |r-rm|

2. E due to continuous volume charge distribution

/é‘R

p\,C/m3



The charge is uniformly distributed within in a closed surface with a volume charge density of py

d
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C/m’ie, v
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R is unit vector directed from ‘source’ to ‘filed point’.

3. Electric field intensity E due to a line charge of infinite length with a line charge density
ag

of ppC/m
7

—

R

dl 0 C/m

; -t A 20” a, N/C
4rey, 1 R

E

4. E due to a surface charge with density of ps C / m?

/éR
P (Field point)
R
(Source charge)
g, - %4 Nic
4re, v R

Electrical Potential (V) The work done in moving a unit +ve charge from Infinity to that is
called the Electric Potential at that point. Its unit is volt (V).

Electric Potential Difference (V1) is the work done in moving a unit +ve charge from one point
to (1) another (2) in an electric field.

Relation between Eand Vv
If the electric potential at a point is expressed as a Scalar function of co-ordinate variables (say
X,y,z) then V = V(x,y,2)



f —

dV=-—dl =-E.dl  ---nnn-- (1)
g
Also, dV:ﬂ dx + N dy + N dz
oX oy 0z
dv=vv.dl - 2)

From (1) and (2) E = -V V

Determination of electric potential V at a point P due to a point charge of + Q C

a
R+dR
ﬁ P é-R
E-— 2 a4 N/C
At point P, 4r&R
Therefore, the force f on a unit charge at P.
~f=1xE =LaR N

P dre, R?

The work done in moving a unit charge over a distance dl in the electric field is

R R
Qd . . Q
Vo =-|———(@z.4,) =- |———dR
P '0[47reo RZ( <) £47zeo R?
V; =L2 Volt (a scalar field)
dre,R

Electric Potential Difference between two points P & Q distant R, and Rq from O is



_4ﬂ60 Rp a

vy, - (v, -v)-—2 F-A} ol
R
Electric Potential at a point due to different charge configurations.

1. Discrete charges

- Q1

Q y
Qn

2. Line charge

X P 4rey 1R

3. Surface charge

% P dre, g
ps C / m?
4. Volume charge
V4p _ 1 J’pv dv Vv
R 4rey, y;, R
5. Combination of above Vsp = Vip + Vop + V3p + Vyp

Potential at every point on the spherical surface is

Q

4reyR
V,, is difference of potential two equipotential surface potential

V, = volt




Gauss’s law : The surface integral of normal component of D emerging from a closed surface is
equal to the charge contained in the space bounded by the surface.

j D.Ads=Q C D
ie, s
where ‘S’ is called the ‘Gaussian Surface’.

By Divergence Theorem,
jlﬁ.ﬁds:jv.ﬁ dv
S \Y

----------- 2)
Q= _[pv dv

Also, Voo e (3)

From1,2 &3,

V.D = Yo

----------- (4) is point form (or differential form) of Gauss’s law while
equation (1) is Integral form of Gauss law.

Poisson’s equation and Laplace equation

In equation 4, O = € E

“V.E=pleg or V.(-VV)=pl g,
v2V - £ poisson equation
So

If p=0, V*°V =0 Laplaceequation

Till now, we have discussed (1) Colulomb’s law (2) Gauss law and (3) Laplace equation. The

determination of E and V can be carried out by using any one of the above relations. However,
the method of Coulomb’s law is fundamental in approach while the other two use the physical
concepts involved in the problem.

1) Coulomb’s law : Here Eis found as force 1?per unit charge. Thus for the simple case of
point charge of Q C,

E-_1* (%jV/M
4re, \R

vsz dl Volt
|




2 Gauss’s law : An appropriate Gaussian surface S is chosen. The charge enclosed is
determined. Then

If) Ads = Q,,
S

Then D and hence E are determined
Alsovzjé dl volt
|

The Laplace equation VAV =0 s solved subjecting to different boundary conditions to get V.
Then, E =-VV
Solutions to Problems on Potential :-

1. Data: Q; =12 [1C, Q=2 [1C, Q3 =3 [IC at the corners of equilateral triangle d m.

To find: 7 0N Qs
Solution :
Let Q, ,Q, andQ, lieat P,,P, and P, the cornersof equilateral triangle of side d meter.

If P,,P, and P, liein YZ plane, with P,

at origin then Z
P, =(0,0,0)m P,
P,= (0,d,0) m d d
P,=(0,0.5d,0.866 d) m /\
T =0 —a Y
r, =da, P P,
T, =0.5d4a, +0.8664,
The force F, is F, = F, + F X
g - hof _ 0543, + 0BE6OA, _ o ooces
% -1 d Y
8, = ? f? = -054,+0.8664,
% - T ’

Substituting,



- : 12x10° . A 2x10° ; .
F, = 3x10°) 9 x 10° { (053, +08663,) + —;— (-0.54,+0866,)
_27x10° {5ay +12.12 a} 1311
o’ V5t +12.12° |

F, =0354a. N where 4. = (0.384,+0.9244,)

— 2 2 2
2. Data: At the point P, the potential is > = X FY FZ)V
To find :

(1) Ep (2) Voo givenP(1,0.2)and Q (1,1,2) (3) V,q by using general expression for V

Solution :

a,+ —~a,+—*Fa
oX oy 0z
=-[2x4,+ 2ya, +3z°4,] V/m

p

_ oV, oV, . oV
WE, =-VV, =-| 2 Z

(2) Vi = -j‘Ep.cW = j‘2x dx + TZy dy + J2'3z2 dz
Q 1 1 2

=0+ y2]° +0=-1V
@) Vog = Vg - Vp = -1V

3. Data: Q=64.4nCatA(-4,2,-3) m /A
To find - E at 0(0,0,0)m E,

- K
Solution : 0
E, = LZ 4,0 N/C

47e, (AO)
-9
_ 64.4)_(910 (4] N/C
10
47X (AO)?
36 7
AO = (0+4)4, + (0-2) 4, +(0+3) 4, —44,-24,+34,
. A0 1

8,0 = — =——(AO)=(0.7434, - 0.374, +0.564)
AO AO \/E y




4. Q1=100 JC atP;(0.03,0.08,-0.02) m
Q2=0.12 JC at P, (- 0.03,0.01,0.04) m
F1, = Force on Q, dueto Q; =?
Solution :

= Q Q, .
Fa :41—2.2&12
ey Ry,
R,=R,-R, =(-0.034, +0.014, +0.044,) - (0.034, +0.084, -0.024,)
= (-0.064,-0.074,+0.064,) ; |R,, | =0.11m
4, =(-0.5454, -0.6364, +0.5454,)

100x10° x0.121x10°®

l_:. =
12 0.112

x9x10° 4,



5. 0:=2x10°C,Q,=-05x10°C C

(1)Riz=4x10%m, 2=7?

(2) Q. & Q, are brought in contact and separated by Ry, =4 x 10%m F,=7?
Solution :
9, 9 )
lﬂ:12 = 2x10 _gx 0-5x10 a,, = -9 x10®° 4, = +5.63 4 N (attractive)
1 6
47X X (4x107%)
367

(2) When brought into contact Q,= Q, :% (Q,+Q,) =15 x10°C

-9\2 2
£ - (15x107) a, = % X9x10%% 4, = 12.66 1 N4,

47 x 10 X (4x107%)?
36

T
(1) F, =12.66 u N (repulsive)

0. Y
Ps3
X X
Py P,
0 X

Q1 =Q,=Q3=Q4 =200C
Q=200 01 C at P(0,0.3) m

P1=(0,0,00m P,;=(4,0,0)m
P;s=(4,4,00m P;=(0,4,0)m
Fp=?

Solution :



R, =-44,+ 34, ;|R,|=5m 4, =-084, + 06 4,

Ry = -44,-44,+ 34, ;|R,, | =64m; 4, =-0.6254, -0.6254, + 0.47 4,

R, =-44,+ 34, ;|R,|=5m; &,=-084,+06 4,
F= Q1p0'9 R?zl I R?zz 8z + s_: A, +§_24 Ay
47 1p 2p 3p 4p
36
1, 1 A A 1 A A A
—~a,+=(-084a,+0.64,)+— (-0.625a, -0.625a,+0.474,)
; 3 5 6.4 -6
=200x10° x 9 x10° . 20x10
+57(-088,+064,)
100, 190 08a +06a)+ 2 (06254 -0.6254, +0.474,)
9 25 40.96

= 200x10°x9x10°x10°x10°® x 102 100
+—(-0.84, +0.64
o ( y 2)
1
6.4°

=(-1.74,-174,+174,) N =17.234, N

=0.36 {(—3.2 ~1526)4, + — (-1.526-3.2)4, + (11.11+2.4+1.15+2.4)4,) }

7. Data : Q;, Q2 & Q3 at the corners of equilateral triangle of side 1 m.
Q:=-10C, Q;=-201C,Q3=-301C

To find : E at the bisecting point between Q; & Qs .

Solution ;
‘ P, : (0, 0.5, 0.866)

p 1:(0,0.5,0.866) m

t Qu P,: (0,0, 0) m
P3:(0,1,0)m
P:(0,0.5 0 m

Q2 L ﬂ(Ei Q3 y
P, Eop |IE3P P3




EP: ElP + EZP +E3P
1 Q Q, . Q;
= l2 ap t+ 22 dp + 32 Agp

dre, | Ry Ro R
R,, =-0.8664, |R1P| =0.866 a,=-4,
Ryp = +0.5§.y |R2P| =05 éZP:éy
R :-0.52?1y | R3P| =0.5 azp :-éy
- 1 -1x10° -2x10% . -3x10°%
E, = -a)+ ———(-4,)+———(-a

i 10°° [ 0se6? T o (Ao y)}
4
367

~9x10°[1.334, -84, +124 |
—9x10°[4a,+1.334,] = [364, +124, ]+ 0° V/m=37.9 £18° k V/m

Z
E]_g\ Ep (Ep):379kV/m

4

Eop (Esp — E2p) Esp

8. DataP;=25nC/mon (-3, Y, 4) line in free space and P : (2,15,3) m

To find : Ep
Solution :
Z p=25nC/m
|
A
R p(2,15,3)m
P
—> Y

X

The line charge is parallel to Y axis. Therefore Epy =0



R=AP = (2-(-3)4,+(3-4)a,=(54,-3,); =|R|=5.1m
A, =% _(0.8344, -0.1674, )
E,= A g = DX 4

2rey R 10

2 x5.1

367
E,=88.234,V/m

9. Data:P;1(2,2,00m;P,(0,1,2)m;P3(1,0,2) m
Q2=100C; Q3=-100C
Tofind: E;, V1
Solution :

T O I P N
E1:E21+E21: { Za21"' Sa31}

2 2
drey| R, R,

=(24,+ éy-Zéz) |R,|=3 4,,=0674,+0.334,-0674,

QJ)

a, +

;Ul pell
||

24, |Ry|=3 4,,=0.334,+0674,+0.674,
. 106 10°
E,=9x10 —5(0674,+0.333,-0.674,)+= (0334, +0.674, +0674,)

=10°[4, +4,]=14.14(0.7074,+0.7074,) V/m
6 -6
1 {QZ +Q3} =9x 109{12 %} =3000V

drey Ry 31

l=

|E,| =1414V/m V, = 3000V



10. Data:Q;=100C atP;(0,1,2)m ; Q,=-50CatP,(-1,1,3)m
P5(0,2,0)m
E, (2)Q at(0,0,0) forE, =0

To find : (1)
Solution ;
_ 1 . A
(1) Es = ng dj; + sz Ay
dre, Ry R,

I_éle’:(z-l)é‘y +(0_2)é‘z:éy_25‘z |R13|:\/g
Re=(0+1)4, +(2-1)4,+(0-3)4, =8, +8,-38, |Ry|=+11

a,= —2 =(0.4474, -0.8944,)

R
4y =SB 2034, +0.34,-094,

R
_ 10x10° A L 5x10° .
E,—9x10° { TR 478, -0808) " TH (038, +033, 09 az)}

- [(8a,-164,)+(-1.234, -1.234, +3.684,)]
— [-1.234, +6.774,-12.324,|10° V/m

(2) E,=9x10° {R A, +

E, =-1.234,
E,, cannot be zero

11. Data: Q; =121 x 10° C at P, (-0.02, 0.01, 0.04) m
Q1 =110 x 10° C at P; (0.03, 0.08, 0.02) m

P3(0,2,0) m
To find : Mo
Solution :
Fo= 2@ 4 N: R, =-0054,-0074,+0024,
dre, Ry,
~ 121x10°x110x10° .
12 = 10-9 [alz] | R12 | = 0088
4 x7.8x107
36

F,=00154, N



12. Given V = (50 x?yz + 20y?) volt in free space

Find Vs, Epanda, atP(1,2,-3)m

Solution :
V, =[50 (1)? (2) (-3) + 20 (2)* |=- 220 v
E:-VV:-a—VéX- 9 va, - a—VéZ
ox oy 7 oz

E=-100xyz4, -50x°z4, -50 X’y 4,
E, =-100(2) (-3)4, -50(-3)4, -50(2) 4,

=6004, +1504, -1004,

=626.58,V/m ; 4,=0.9574, +0.2344,-0.164,

Additional Problems

Al. Find the electric field intensity Eatp (0, -h, 0) due to an infinite line charge of density
piC/m along Z axis.

+D|
Z
Ajjz
Rap /I\
dEpy P \l/
Y
dEp, h
Eh
a, X
-0
Solution :

Source : Line charge p; C / m. Field point : P (0, -h, 0)



dE, = i, = a, V/m; R=AP =-z4,-ha,

|R| =[AP| =z 41

AR:izi[-héy'Zéz]
R R
4re,R R R
E . Pz h. o pdz z,
Py 4re,R°R "’ & 4reR*R °

Expressing all distances in terms of fixed distance h,
h=RCos JorR=hSec[] ; z=htan 0 ,dz=hsec’ 0 dO]

2
dE,, =- PS040 L oop - P cosgdo
4 e, h”Sec’@ 4reyh
P o gyrl2 P P A
E,,= -———[+Siné@ =-———X2=-————2a
Py 47Z'€Oh[ -7l2 47Z'€0h 27Z'€Oh y
2
dE,, - - pthe(Z:Hdze « Wtano _  p, Sin0do
47 e, h”Sec’d h Sec & Areyh
e = —[Cosd]/7, =0
47e,
E =—-—P 4 vim

-2neoh

An alternate approach uses cylindrical co-ordinate system since this yields a more general insight
into the problem.

Z |+ [0
A dz]
1

v| O (p, /2, 0)
0 j Y

—
072 x
AP

-0




dQ =p, dz is the elemental changeat Z.

The field intensity d—EF: duetodQis

dE, = — 39 _a, vim

where R= p4 -z4, andéR:%(pép-zéz)

- Pp “p

a ia} —dE, 4 +dE,, 4,
R
: P . P
)dE, = —————pdz ; (ii) dE,,=-———1zdz
() Pp 471'60R2p () P 472'€OR2
Taking & =OPA asintegration variable, and expressing all distances in terms of p and &

p
Cos @

z=ptand,dz=pSec’*#dd and R= = pSecd

_p, XpXpSec? o

. P
I) dE,, = dg = ———— Cos@dé
(1) de, 4re,p’Sec’ Adre,p
P 2 P P
E,, = Sin 6 = ——X2=
" Aze,p [ Fere Are,p 27w, p
_ 2
(i) dE,, = P XPINOXPIECTO 4y P ( jng)de
dre,p’Sec’ b dre,p
Ep, = ——[Cos6]"/?, =0
Are,p
g EP:LéP V/im
27 Ey P

Thus, Eisradial in direction

AZ2. Find the electric field intensity Eat (0, -h, 0) due to a line charge of finite length along Z
axis between A (0, 0, z;) and B(0, 0, z,)

Z
B (0,0, zp)
T dz
P O, O, Zl)
< 15




Solution ;
L {—ﬂ ay-iaz}
R

~ 4re,R*| R
E.=|dE, = - Cosfdoa, Sinfdoa,
P Z-[ P 472'60 i 472'60 i
-+ P (sin 0);: 4, +——(Cosd)y 4,
Areyh v 472'60
EP=+—[(S|n¢9 - Sin6,) 4, - (Cos g, - Cose)a]V/m
4dreyh
If theline is extending from -« to oo,
T T
0,=2,6 =-=
22t 2
= - Py
E, = a,vim
i 27zeoh %

A3. Two wires AB and CD each 1 m length carry a total charge of 0.2 [] C and are disposed as
shown. Given BC = 1 m, find E at P, midpoint of BC.

A <= BI . C T

1m

D v
Solution :(1)
0;=180° [, =180°
A B P
<Tm >
0 .
. —{[ (Sin6,-Sing,)]a, + [Cosd,- Cosg, ] a, } = = (Indeterminate)
" Areyh 0
az
(2) P4
1
0 y=-tan 1 0.5 =-6343°




E, =P -(Sin@, -Sing,)a, + (Cosé, - Cosd,)a
Peo 4re h 2 1 y 2 1 z
0
6
- %[-(Sin (-63.43))4, + (CosO - Cos63.43)4, |
4z 05
T

E,. =3.6x10°[-0.8944, + (1-0.447)4, | =(-3218 &, +1989.754,)

Since EPAB is indeterminate, an alternate method is to be used as under :
Z
T dEPz
= —>
dy 5
ey; | B> Y P dEpy
A
| L | R
| |
aE, = -PY 5 vim
dre,R

_ . . 1 .
R=(L+d-y)a 8=~ (4))

-pa
dE,, = y d
Vo 4ze,(L+d-y) y

LetL+d-y=-t ; -dy=-dt; y:O,t:i
L+d
1
=L;t=—
Y d
" P
dE, = dt
i 47 e,t?
a
N = Fatee1
drest]a 4re,d L+d
L+d
E, =P 1.1 }V/m
4re, |d L+d




a
Pas 10° |05 15

4

y

£ :0.2x10'6[ 1 L} A

36 7
EPAB = 1800[2-0.67] éy =2400 éy V/m

. E, =B, +E, ~=24004, - 32184, +1990 4,
(-8204, +19904, )

21524, V/m
where 4, =(-0.381a,+0.9254,)

A4. Develop an expression for E duetoa charge uniformly distributed over an infinite plane
with a surface charge density of ps C / m?.

Solution :
Let the plane be perpendicular to Z axis and we shall use Cylindrical Co-ordinates. The source
charge is an infinite plane charge with ps C / m? .

dEp Z

AP =AO + OP = -OA +OP

R =(-pa, +z4,)

~ 1 ~ A
aR E(-pap+zaz)

The field intensity dE, due to dQ = ps ds = ps (d[] dp) is along AP and given by

—  pspdgdp , Ps R R
dEp = a, = -pad_+z4a,) dgpd
i 47, R? R 4re,R® (-pa, ) dgpdp




Since radial components cancel because of symmetry, only z components exist

€,
2 0 0
= = Ps Zzpdp _ ps Zp
E. = |dE, = d = X2x |— d
’ '! ’ 4re, -([ ¢'([ R® 4re, ;[Rs P

‘2 is fixed height of p above plane and let OPA= 6 be integration variable. All distances are
expressed in terms of z and [

p=ztanD,dp=zSecdeD ; R=z8Secl] ; p=0,0=0; p=0,0=0/2

0 7l2
E, = Ps jZSZtarle zSec? 0do= s ISinedH = Ps [cosor'?a,
2¢, y2°Sec’ 0 2¢, 2¢€,
= Ps 4, (normal to plane)
So

AS. Find the force on a point charge of 50 [1C at P (0, 0, 5) m due to a charge of 500 [1[]C that is
uniformly distributed over the circular disc of radius 5 m.

il

!

h=5m

Solution :
Given:p=5m,h=5mand Q=500 (1(JC
To find : f, & g, =50 [IC



e

S

f,=E, x g, where E, =
2¢,

O

A
2¢€,

f,=1131x10°4, x50 x10°®
f,=56.554, N

A

a

z

z

-6
500 # x10 4

) z
2(75%) x 10
36 7

_ 0 36 x10° a,

- 2x25
=1131x10°4, N/C




