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Solution of second order linear differential equation with constant
coefficients:

Linear differential equation of nth order with constant
coefficients is defined as:

dn n—1 n—2
Y a0, 07y 44,420y,

0
an dX n-1 an—2

a e+ a,y=X

Where a0, al, a2,...,an are constants and X iIs a function of x.

General solution = complementary function + particular integral
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Case (1) If m;, m,, ms, ...,mn are real & distinct then

2
CE=C.e 1+4C,emx +C € ° +..4C € "
3 n

Case (i) If two roots are equal 1.e., m;=m,=m
cr= (CiX+Cy)e  +Cze ° +..4+C € '

N

X

Case (i11) If three roots are equal I.e., m;=m,=MmM;=m

(C X2 +C X+C )e™ +C emx +,..4+C emx
= 1 3

4 n

C.F 2

.
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Case(iv) If two roots are complex i.e., m=a+Iif mM~a-If

c = (C.cosPx+c,sinBx)e”™ +c5e™ +...+C,e™

Case(v) If two pairs of complex roots are equal 1.e.,
m,=m,;=a.+If3 m,=m,=a.-13

C.F= ((C X+ C) COS BX -I—(C X+ C 0X ) Sir]m5x _|_."_|_Cnemnx
Bxje “+c ¢
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Problem | Solve the equation (D2 ~-D+ l)y =)

Solution:

1£41-4  1£43i

2 2

The AEism* —m+1=0=>m=

li\/gi and a=l; [3=£
2 2 2

G.S:y=e"(Acosfx+Bsin fx)

1 . N

. e 3x RVE Y .

GS:y=e’ {A CoS \/—T + Bsin \/_T] where A, B are arbitrary constants.

nm=




5 .
5y=54e™> +5Be " + .

5 = 5 5
(D+5)'1.-’:3‘.4e“’—2Be“7’+7e — f—i+4—

(2)=>2x=—(D+5)y+e”

=3 4™ $2B& " — o M 4
6 7 98
—34 _, P 7 5t 31
R KR W KR N
2 T2 14 196
The General solution 1s
—34 _, 5 &2 5t 31
X = & B —e e
2 12 14 196
2t
oy o e t 9
y=Ade” +Be " +———+—
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Inverse Differential Operator And Particular Integral

Consider a differential equation

fD)y =x <k 1)
Define such that
f(D)
f(D){ ] . (2
(D)
Here f(D) is called the inverse differential operator. Hence from Eqn. (1), we obtain
|
¥ N— X 2 43)
- (D)
Since this satisfies the Eqn. (1) hence the particular integral of Eqn. (1) is given by Eqn. (3)
1
Thus, particular Integral (P.L.) = X
" : f(D)
1
The inverse differential operator is linear.
f (D)
' l{+b} alx'+bl\'
ie., ax X = A—F——X X5
f(p) U f(D)" " f(D)

where a, b are constants and X, and X, are some functions of x.
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Problem 8 Solve (D:’ +a’ )y —secax.

Solution:

The A.LE.is m> +a* =0

=y ol

=ami—F @i

C.F.: Acosax+ Bsmax
1

PI = secax —> (1
(D+ai)(D—ai) “ (1)

Using partial fractions

1 - (R4 - C;
D 4a® | Daa DD — ai
1=C,(D—ai)+C,(D+ai)




Pl

Pl

I I

2ia (D+ai)
1]

SECax +

] ]
2ia (D—ai)

€
SECax +

SeCa x

2ia D- (—a

—qix
J aix

21a

e—az\

(cosax +isinax)

j M secaxdx
) Dia

aix

seca xdx+ 2— j e ™ secaxdx
ia

& (cos ax—1isin ax)
dx +

21a

coSax

2ia COS ax

dx
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Pl=

e—m’x em’.\‘
—— _‘-(l+itanax)dx+—.
2ia 2ia
e—m’.\' i ] o eaix n
=———| x+—logsecax |+—
2ia | a 1 2ia|
2x em’.\‘ . e—m’x 2]
= . ———|logsecax]
2a 21 2ia”
5, A |
= —sinax—— (log sec ax)(cos ax)
a a”
|

2

A

[ax sin ax +cos ax log cos ax]

GS.is y=CF+PlI

(1 — 7 tan ax)dx

A

eaix +e

—aix

2

i
x ——logsecax
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Second-order linear differential equations

2
A% L p ¥ L ey —(x)
dx? dx

are called second order linear differential equations.

Differential equations of the form a

When Q(x) = 0 then the equations are referred to as homogeneous, When

Q(x) = 0 then the equations are non-homogeneous.

Note that the general solution to such an equation must include two arbitrary constants to be
completely general.




Gheorem
Ify = f(x)andy = g(x) are two solutions thenso isy = f(x)+ g(x)

Proof

2
we haveadzf +b A f¢f =0 and ad—g+bgg+cg =0
dx? dx dx? dx

2 2
ad f +h Al cf +ad g+biq+cg =0
dx? dx dx? dx

Adding:

(d2f d2g) (df dg)
akdxz +dx2J+b\W+W)+C(f+g):O

And soy = f(x)+ g(x) is asolution to the differential equation.

N
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y = Ae
dx

y = Ae™* a solution.

N

assuming Ae™ = 0, then by division we get

y = Ae™, for A and m, is a solution to the equation b

It is reasonable to consider it as a possible solution for

2
: y+bd—y+cy:0
dx? dx

a

= d_y = Ame™ __ d?Y = Am2%e™

=% 2
dx

The solutions to this quadratic will provide two values of m which will make

d
dx

y-l-Cy:O

am’+bm+c=0

=

Ify = Ae™ is a solution it must satisfy aAm?2e™ +bAme™ + cAe™ =0
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If we call these two values m; and m,, then we have two solutions.

y = Ae™ and y = Be™*
A and B are used to distinguish the two arbitrary constants.
From the theorem given previously;

y = Ae™ + Be™”  |sasolution.

The two arbitrary constants needed for second order differential equations ensure all solutions
are covered.

The equation am® +bm +c¢ = 0 is called the auxiliary equation.

The type of solution we get depends on the nature of the roots of this equation.

N




When roots are real and distinct

2

Find the general solution of d”y _5d_y+ 6y =0.
dx?  dx

The auxiliary equation is m°—5m+6=0

(m-2)(m-3)=0
m=2, orm=3

Thus the general solution is y = Ae?* + Be®*.

To find a particular solution we must be given enough information.
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Roots are complex conjugates

When the roots of the auxiliary equation are complex, they will be of the form
m, = p +ig and m, = p — iq. Hence the general equation will be

y = AelPriax 4 Belp-ia)X
= AePei™ + BePrg i
PN (Aeiqx 4 Be—‘qx) We know that '’ = cos@d+isin @
=e ™ ( A(cos gx + i sin gx) + B (cos(—qx) + i sin(—qx)))
= e ™( A(cos gx + i sin gx) + B (cos gx — i sin gx))
=e ™(( A+B)cos gx + ( A—B)i sin gx)
=e ™ (C cos gx + D sin gx)

Where C=A+B and D=(A-B)i
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Non homogeneous second order differential equations

d2y d _
d +b y-l—C X
i y = Q(X)

Non homogeneous equations take the form ‘d_fx

Suppose g(x) is a particular solution to this equation. Then

d’g + B9 +cg=O(x
ad7 B +cg Q(X)

Now suppose that g(x) + k(x) is another solution. Then

2
d (g+k)+bd(g+k)
X

= +c(g+k) = Q(X)

a




4 aﬁig+ag§£+bjg+b3§+cg+ck:Q(x)

Giving

:(aiig+b$+cgj+(ax2 dx )—
(
k

dx )
:aﬁ+bdk+ck:0
dx? dx

From the work in previous exercises we know how to find k(x).

This function is referred to as the Complimentary Function.

(CF) The function g(x) is referred to as the Particular Integral.

(P1)

K General Solution = CF + P|

Ho 1 OH—d G111+
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Find the general solution to

: —5d—y+6y:15x—7,
dx dx

given that the PI is of the form k(x) = Px+Q

Finding the (CF): the auxiliary equation is m?-5m+6=0
= (mM-3)((m-2)=0

m=2o0orm=3
Thus the CF isy = Ae** + Be**

Finding the PI: y=Px+Q = % —p =92Y _g
dx dX2

Substituting into the original equation O-5P+6 (Px A Q) =15x -7
— 6PXx+6Q —5P =15x—7







