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Cauchy-Riemann conditions

Complex algebra

Complex number: z=x+iy (both xand y are real, i = v/—1.)

Complex algebra:
2,+2, = (X +1y, )+ (X, +iy, )= (x, + X, )+i(y, +y,)  (Anologous to 2d vectors.)

4,2, = (Xl + iyl)(XZ + iyz): (Xlxz*_ Y1Y2)+ i£X1Y2 i X2y1) (:> CZ= C(X + iy): CX+ icy) (:> Z,— Zz)
Z =(X+1y) =x-1ly

Complex conjugation: = 7z =(X+iy)(x—iy) = X* +y*

Polar representation:

Z=X+iy=r(cos@+isin @) =re"

Modulus (magnitude):  |z=+/zz" =r=,/x2+y? = |2,2,|=zz,]

arg(z) = @ = arctan (Xj (+z1f zis inthe 2nd or 3rd quadrants. )
X

Argument (phase):

= arg(z,2,) = arg(z,) +arg(z,)



Functions of a complex variable:
All elementary functions of real variables may be extended into the complex

plane. " » . .
Example : e*=1+— +—+ Z— > el =l =)
1! n=0 n 1! 2! n=0 n!

n

A complex function can be resolved into its real part and imaginary
Part: f(z) =u(x, y)+iv(x,y)

Examples : z° = (x+iy)* = (X* + y*) +i2xy

1 1 X .=y

—=—= +i
z xX+iy xX+y? X4y’

Multi-valued functions and branch
cuts:

Example 1: In z=In(re'?) =In[re'?**"?]=Inr+i(@+2nz) =u+iv
To remove the ambiguity, we can limit all phases to (-, 7).

6= -rxis the branch cut.
Inz with n = 0 is the principle value.

! . 5 _
E)(an’p|e 2 23/2 - (re|0)1/2 _ [rel(6+2n7z)]]/ . r]/2e|(49+2n7r)/2

We can let z move on 2 Riemann sheets so that IS single valued everywhere.



Cauchy-Riemann conditions

Analytic functions: If f (z) is differentiable at z = z, and within the
neighborhood of z=z,, f(z) is said to be analytic at z = z,. A function that is
analytic in the whole complex plane is called an entire function.

Cauchy-Riemann conditions for differentiability

f()___ lim f(z+Az)- f(2) _ jim Af (2)
Az—0 AZ Az—0 A7

In order to let f be differentiable, f'(z) must be the same in any direction of Az.
Particularly , it is necessary that

For Az=Ax, f'(z)=Ilim AUHAV—aquiaV

M0 AX X OX
For Az =iAy, f(z)_AIy OAuiz;Av gl;/ 2;/

Equating them we have

ou ov ou ov I o
a ) A aucny-riemann
8x 6y ay 6)( conditions




Conversely, if the Cauchy-Riemann conditions are satisfied, f (z) is differentiable:

ou .ov ou .oV ou .ov ov .ou
i AX+| —+1— |A +i—— |[AX + +i— A
LR, 21 re (5’( 5Xj (@y Wj g (ﬁx GXJ ( ox axj g

= lim
dz 240 Az Az—0 AX + IAy Az—0 AX + |Ay
il 0 (Ax +iAy)
. \ox  ox ou .oV 1 ou .ov
= lim _ =—+l_—, and==| —+1—|
Az—0 AX +1 Ay OX OX I 5}’ ay

More about Cauchy-Riemann conditions:

1) Itis a very strong restraint to functions of a complex variable.
df ou .ov ov .6u ou oV

2) dz  ox Iax oy 8y a(ly) 8(iy)'
ou 8v ou ov

ox 0x ' oy dy

sf* =0, sothat f(z,z")only dependson z:
4

of of ox 6fay of 1 6f( 1) of .of (8u .6v) (ou .ov

——— =——=+—| = |=0=>—+1—=0=>| —+I— [+]| —+1— [=0=---
o0z oxoz 8yaz ox2 oy\ 2i ox oy

e.g., f =x—iyis everywhere continuous but not analytic.

=0=>Vu-VW=0=VulVv=u=c lv=c,




Cauchy-Riemann conditions:

Our Cauchy-Riemann conditions were derived by requiring f'(z) be the same
when z changes along x or y directions. How about other directions?

Here | do a general search for the conditions of differentiability.

ou ou . ov oV ou oudy) .ov ovdy
_ —dx+—dy [+i| —dx+—dy + +Hi| —+
, df du+idv { ox oy OX oy OXx oy dx OX oy dx
dz dx+idy dx + idy 1.7

dx

Now let g—y = p, the direction of the change of z. We want to find the condition under whic h
X

f'(z) does not depend on p.

ou ou OV ov ou . ov .\ (ou oau ov oV
(+pj+|£+pj (+|j(1+|p)—|(+p}+(+pj
df'(2) _,_d\ox o ox oy &y oy ox | oy ox oy

dp ~dp 1+ip L (1+ipy
(6u avj i(@v au) (ou ov  Thatis, if werequire f'(z)be the same atall directions ,
X oy  we get the same Cauchy - Riemann conditions .

L+ip) ou__ov

oy o




Cauchy’s theorem

Cauchy’s integral theorem
Contour inteqgral:
[ t(2)dz = [ (u+iv)(dx+idy) = [ (udx—vely) +i (vax-+udy)

Cauchy’s integral theorem: If f (z) is analytic in a simply connected region R,
[and f '(z) is continuous throughout this region, ] then for any closed path C in R,
the contour

integral of f (z) around C is zero:
Proof using Stokes’ theorem§CV- di =”SV><V-dc

N, oV,
§C(dex+vydy):ﬂs( 2 jdxdy

§ f(2)dz = § (udx —vdy) +i §C (vdx + udy)

-0 (__——ded Hill. (%_%dedy

=0




Cauchy'’s integral formula

Cauchy’s integral formula:

If f (z) is analytic within and on a closed contour C, then for any point z, within C,

1 f(2) A
fz) = {. - dz
Proof : fc C
§ f(z)d § ) dz+§ @) dz+§ f@) dz=0
Wl 7l C0z7-12, g A >
io /I\
§ j (Z) dz =— 1) dz =— 0 1z, +I€re )" ie'’dd (Letr —0) | can directly use the
¢1-1, ©7-1, 2 re contour deformation

= 27if (2,) theorem.



Mapping

Mapping

Mapping: A complex function

can be thought of as describing a mapping from
the complex z-plane into the complex w-plane.

In general, a point in the z-plane is mapped into a
point in the w-plane. A curve in the z-plane is
mapped into a curve in the w-plane. An area in
the z-plane is mapped into an area in the w-

plane. _
Examples of mapping:

Translation:

W=2+12,

Rotation:
w=2z,, Or

p=r-l

2 —re'? .re'% =
‘5 ' {¢=9+6’0

~

—_—

><¢/




Inversion;

©, 1

0, 1)

w==, or
z
1
i 1 .
pe? = 0 — P r
re o=—0

In Cartesian coordinates;:

X ( u
1 TRy | XS
W=="=U+ive—— = et
Z X+1 Vv
g L e 2y 7 (Y=~
g ¥ U u’+v

A straight line is mapped into a circle:

v au
y=ax+b=—-— =———+b

uz+v?  u’+v =
= b(u® +v?)+au+v=0.




Conformal mapping

Conformal mapping: The function w(z) is said to be conformal at z, If it
preserves the angle between any two curves through z,,.

If w(z) is analytic and w'(z,)20, then w(z) is conformal at
ZO.

Proof: Since w(z) is analytic and w'(z,)20, we can expand w(z) around z = z,
In a Taylor series:

W= W) + W (2)(2 = 20) + W (20)(2=2)° +-

W W,
lim L =w'(z,), 0r w—w, *W'(z,)(z—2,).
z2-2,—0 Z_ZO

W—W, =Ae“(2-2,)=>p=a+0=¢,—p,=06,—-06,.

1) At any point where w(z) is conformal, the mapping consists of a rotation
and a dilation.

2) The local amount of rotation and dilation varies from point to point.
Therefore a straight line is usually mapped into a curve.

3) A curvilinear orthogonal coordinate system is mapped to another
curvilinear orthogonal coordinate system .



What happens if w'(z,;) = 0?
Suppose w (M(z,) is the first non-vanishing derivative at z,.

w™(z,) 1 .. & p:B_rn
Wy = —— ——"(2-2,)" = pe'’ ﬁBe'/j’(re“9)r‘:>< n!
' p=n6+pf

This means that at z = z,the angle between any two curves is magnified by

a factor n and then rotated by g.






