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Introduction

Fourier Series ?

A Fourier series IS a representation of a
function as a series of constants times
sine and/or cosine functions of different
frequencies.



Periodic Functions

« A function f(x) Is said to be periodic if its function values
repeat at regular intervals of the independent variables.

» For the following example, a function f(x) has the period
p.
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In general, a function f(x) is called periodic if there is some positive
number p such that ;

f(x) = f(x + np)

for any integer n.This number p is called a period of f(x).



Fourier Series of a Function

If f(X) is defined within the interval ¢ < x < c+2L. The Fourier Series
corresponding to f(x) is given by

f(x)=?+i(an cosn—f—x+bn sin nfx)

n=1

1 c+2L
where dy = L _[ f (x)dx
1 c+2L P
8 = _([ f (x)cos —— xdx
1 c+2L T
b, = o ! f (x)sin — xdx



Dirichlet Conditions

If a function f(x) defined within the interval c <x <
c+2L, the following conditions must be satisfied,;

f(x) 1s defined and single-valued.

f(x) I1s continuous or finite discontinuity in the
corresponding periodic interval.

f(x) and f '(x) are piecewise continuous .



Odd and Even Functions

« Afunction f(x) is said to be even if :
f(-x) = f(x)
l.e the function value for a particular negative value of

X IS the same as that for the corresponding positive
value of x.

« A function f(x) is said to be odd if :
f(-x) = - 1(x)
l.e the function value for a particular negative value of

X Is numerically equal to that for the corresponding
positive value of x but opposite in sign.



If f(X) IS an even function

d

a =—j f(x)cosn—ﬂxdx:gg f (x)cos— xdx

Nz
d

= Fourier series, f(x)= a_20 + Z(

IS called Fourier Cosines series.




If f(X) IS an odd function

aozijf(x)dx:o

a, 24 f (x)cos 2 xdx = 0
a: a
b =3Tf(x)sin ”—”xdxijf(x)sin 7y dx
"oar a as a

= Fourier series, f(x)= Z(bnsinn—ﬂxj

a
n=1
IS called Fourier Sine series.




Fourier Series

f(H) be a periodic function with period 27

The function can be represented by
a trigonometric series as.:

a, & |
— + > (a, cosnx+b, sin nx).

Hx)=5+2
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Even and Odd Functions

Even Functions

f(-6)= f(6)

Odd Functions

f(-6)=-1(6)




Harmonics

f(t):az0

. 27nnt
_sin

f(t) =

Cly
2

e

L cos(nayt) + > b, sin( no,t)




Some examples of Fourier series...

—2(r+Xx), —7r<x<0
2(r—=x), 0<x<=z

ilsin nx = {
n=1 n

= 1 .
D (D" =sinnx=3x, —zw<xX<x
n=1 n

o0

2

—2n+1

—r/4, —m<x<0

sin(2n+1)x =
( ) {7[/4, O<x<rz

iécos nx=-1In {Zsin( X)}, —T<X<T
= n 2

Z(—l)n lcos nx =— In[Zcos(g)} — T <X<T
n=1 n

0

)3

—=2n+1

X
cos(2n+1)x = % In {cot(z)}, —T<X<T




Fourier Cosine and Sine Series
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Odd function

F(=x)=-1(x) Properties of Even/Odd Functions f(=x)=f(x)
. (a) The product of two even functions is even.
SIn X (b) The product of two odd functions is even. COS X

j_pp f (x)dx =0

~N

(d) The sum ( difference) of two even functions is even.
\ (e) The sum ( difference) of two odd functions is odd.

J

(c) The product of an even function and an odd function is odd.
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Even function

j_"p f(x)dx =2 jop f (x)dx
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Casel: Odd

If f(X) is an odd function on
the interval (-p, p)

1 ¢
aO_BL’ f(x)dx =0

_[ f (x) cos ™~ xdx

odd

:_J' f(x)sm xdx _—j f(x)sm xdx

even even

)

CaseZ2: Even

If f(X) is an even function on
the interval (-p, p)

= —J' f (x)sin ™* xdx

odd

1 ¢p 2 p
_ - == (" f(0d
a, pJ.—p f (x)dx pJ'O (x)dx

—I f(x)cos xdx =—f f(x)cos xdx

EVGI"I even

)




Fourier Cosine and Sine Series
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Fourier cosine Series

The Fourier series of an even function on
the interval ( -p, p) IS the cosine series

) =22+ Z 0,y COS—

aO:f) - (x)ax

= —j f(x)cos™™ xdx

\

/
Fourier sine Series

The Fourier series of an odd
function on the interval ( -p, p)
is the sine series

f(x)= Z b,, 51n—x

A

b, =2 [ f (X)sin ™ xalx

-

Example
Expand f(x) = X, -2 < x< 2,
in a Fourier series.

__1\n+l
o _ =D

n

= nm

f(x) = E b, sin—x
— p
n=1

the series converges to the function on ( -2, 2)
and the periodic extension (of period 4)




Fourier Cosine and Sine Series

Fourier sine Series

The Fourier series of an odd
function on the interval ( -p, p)
Is the sine series

= nm
f(x) = Z b, sin_x
- p
n=1

b, =2 jop f (x)sin "% xdx

p

~

Expand in a Fourier series

-1 —mx<Xx<0
f(x) = "
1 O<x<rx

is odd on the interval.
_21-(=D"

n

b

T n




Fourier Series Applications

J Signal Processing

 Image processing

 Heat distribution mapping

d Wave simplification [

dLight Simplifcation(Interference ,Deffraction etc.)
d Radiation measurements etc.






