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Polar curves

Polar curves are defined by points that are a variable distance
from the origin (the pole) depending on the angle measured off
the positive x-axis.



Angle between radius vector and tangent

« Consider the angle y between the radius vector and
the tangent line to a curve, r = {(0), given 1n polar
coordinates, as shown in Fig

Y

r—£(8)

* Figure : The tangent line to the curve r = £(0) makes
an angle of y with respect to the radial line at the
point of tangency, and an angle ¢ with respect to the
X-axIs.



Consider ¢ = 6 +w. Thenr = f(8) 1s given in polar coordinates by

X =rcosH, y=rsinf,




Angle between two curves

Let there be two curves y = f,(x) and y = f,(X) which intersect
each other at point (x,, y,). If we draw tangents to these curves
at the intersecting point, the angle between these tangents, Is

called the angle between two curves.
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Pedal Equation

The relation between p and r for a given curve, where p Is the
length of the perpendicular from the origin (or pole) to the
tangent at any point on the curve and r is the distance of the
point from the origin (or pole), is called the pedal equation of

the curve.
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Polar Curves

If we traverse in a hill section where the road is not straight, we
often see caution boards hairpin bend ahead, sharp bend ahead etc.
This gives an indication of the difference in the amount of bending
of a road at various points which Is the curvature at various points.

In this chapter we discuss about the curvature, radius of curvature

etc.



Consider a point P in the xy-Plane.
r = length of OP= radial distance

0 = Polar angle

(r, 8)— Polar co-ordinates

Let r =1 (0) be the polar curve

r=+x2+y?%, @ =tanl (i:] (1)

X=rCoséf ; y=rSiné
Relation (1) enables us to find the polar co-ordinates

(. 0) when the Cartesian co-ordinates ( X, y) are known.



Expression for arc length in Cartesian form.

Proof:
Let P (x,y) and Q (x + 0x, Y + 0y) be two neighboring points

on the graph of the function y = f (x). So that they are at
length S and S + 0s measured from a fixed point A on the

curve.
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Expressions for s & ds

dx ay

Trace a tangent to the curve at the point P, it makes an angle w with the x — axis. From A PRT, we
have

ay

tanwy = —
v dx /
Q
Equation (2) becomes,
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ds = "Il + tan” w
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and equation (3) becomes
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Derive an expression for arc length in parametric form.
Solution: Let the equation of the curve in Parametric from be x =f (t) and y = g (1).

We have,
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Curvature and Radius of curvature

« A curve cuts at every point on it. Which is determined by the

tangent drawn. AY O y=t Tangent

Let P be a point orl the curve y= f (x) at the lengthi ‘s’ from a fixed point Aon it. Let the tangent
at ‘P" makes are angle w with positive direction of x — axis. As the point 'P" moves along curve, both s
and w vary.
The rate of change w writs, 1e, -';_W as called the Curvature of the curve at ‘P’
5

The reciprocal of the Curvature at P is called the radius of curvature at P and 1s denoted by p.

1 ds
ay  dy
ds




Also denoted o = 1
K

K s read it as Kappa.




Radius of curvature in Cartesian form

Solution :(1) Cartesian Form:

P dx R

O

Let y = f (x) be the curve in Cartesian form.

We know that, tan w = g (From Figure) ——— (1)

Where w is the angle made by the tangent at P with x — axis. Differentiating (1) W.r.t x, we get
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This i1s the formula for Radius of Curvature in Cartesian Form.



Radius of curvature in Polar form

« Letr=1(0) be the curve in polar form. We know that, angle
between radius vector and tangent
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Differentiate w.rt 'e’ we get
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From figure w =6 + ¢
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Differentiating w.rt 6, we get
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Equation (3) as called the radius of curvature in Polar form.



Pedal Equation
Let p =1 Sin ¢ be the curve in Polar Form.

We have p =r Sin ¢

Differentiating p Wor.tr, we get

oor ar
dp

s called Radius of Curvature of the Curve in Polar Form.



Centre and circle of curvature

The centre of curvature is the centre of the circle of curvature
which is drawn through any point P on the curve so that the
amount of curvature can be be measured at that point. The radius
of curvature is shown in green and this is a normal to the curve
at point P. The circle intersects the curve at point P. The evolute

IS the locus of the centres of curvature of any curve.
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THE EVOLUTE OF AN ELLIPSE
The evolute is the locus of the centres of curvature of the ellipse, so

find the centre of curvature for a number of points on one guadrant of
the ellipse and sketch in the curve. Once you have the evolute for one
guadrant, the rest can be found using axial symmetry through the

major axis and minor axis.
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circle of curvature

The circle with its center on the normal to the concave side of
acurve at a

given point on the curve and with its radius equal to the radius of
curvature at the point.






