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Differential Calculus - 2



Taylor’s Theorem

Taylor’s theorem states that if:

f(x) and its first (n — 1) derivatives are continuous in the [a, b] and
* f™(x) exists in the (a, b)
then there exists at least one point ¢ € (a, b) such that

b — b — 2 b — n—1 b — n
f&) = f@ + 22 pr@a + 25 fr@ + e o @+ (o

Alternate form — If

f(x) and its first (n — 1) derivatives are continuous in the [a,a + h] (h > 0) and
« f™(x) existsin the (a,a + h)

then there exists at least one point 8 € (0,1) such that ((a+ 6h) € (a,a+ h))

h 2 n—-1 hn
fla+h=Ff(a)+ — f'(a)+— f"(ag)+ .+ -1+ — (g + OAh)
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Taylor Series

In the interval [a, x], when n — oo in Taylor’s theorem we get
Taylor series:

2
f(a) + ..

Fo0 = f(@ + S pra) 422
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* The series Is usedto create an approximation of what a function
lnnlke lilkke



Maclaurin Series |
Taylor series entered at zero is called Maclaurin Ser| =

f@=fe " Ozf”(°)+--
)
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Progression of Maclaurin Series approximation of the exponential function e* based on n values.?
* The blue curve indicates the e* function.
 The red curve indicates the sum of first n + 1 terms of the Maclaurin series.



Maclaurin Series — Calculating Limits

Find lirrcl) x_smx] where 1 is an integer
X—
5
_ X—Sin.X'] _ X—(x—x/3|+x/5,)
lim = lim ' :
x—0 xn x—0 L xn
3 5
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Indeterminate Forms

 Indeterminate form : An expression that evaluates to

0/0 l’Hospital’s Rule 3
s l’Hospital’s Rule
0 x o Changeto %/, or ®/«» by moving one expression to the

bottom
- o Changeto 9/, or ®/«» by using common denominator,
rationalization, or factoring out a common factor

1% Take log to make an indeterminate product

0 Take log to make an indeterminate product

oo! Take log to make an indeterminate product



Applying L'Hospital’s Rule

B

Compute lim —= [(x)

x—-a g(x)

Transform to {—, —}
0" o

0 oo

Replace f and g
with f" and g’ Differrentiate f and g separately
respectively
f )
Compute jlrl_r)r(ll 7
N If lim & =
x>ag'(x)

finitie, oo

lim f(x)
x-a g(x)

_ lim f'(x)
x-a g'(x)

Stop




Partial Differentiation

Volume of a cylinder:

i
-

V = nréh

Variables r and h are independent of each othef
Volume V is dependent on both r and &, i.e.,V = fleei
V = f(r, h) is a function of several variables, wheﬁﬂ*/

— Vis the dependent variable

— 1 and h are independent variables
ion

Derivative

f V is computed using Partial Differenti

Dar Al NarisrvFixvrao —

d (Function of several variables)




First Order Partial Derivative

* First order partial derivative of u = f(x, y) with respect to
independent variables:

. auoraf
ox O0x

u a_u or O_f oru
oy — 0y Y

* Similarly, the first order partial derivatives of u = f(x,y, z)
are:

OriL,

ou OJf
. I
ax < ax

oru,

. U or of oru
dy ~ 0y Y
du of

" —O0Or —oru
0z 0z 4



Second Order Partial Derivative

0 (First Order Partial Derivative)

Second Order Partial Derivative =
econa vrder Fartia’ LoEydeie d(Independent variable)

Second order partial derivative of u = f(x, y) with respect to independent variables:

. Zu_ 2 (o)
9x2  9x \dx

. 0%u _ 0 (au)
0x0y dx \0y
. 0%u _ 0 (6u)
dyox dy \0x
. U _ i(a_u)
dy? dy \dy

Number of second order partial derivatives = (Number of independent variables in the given function)?




Mixed Second Order Partial Derivative

Givenu = f(x,y)

0%u 0%u . .
and are called Mixed Second Order Partial
0x0y dyox
Derivatives
sin(x)y?
0%u 0°u 2 2

Bxay'_-ayax'lfc

continuous throt /\

2 sm

/\

— sm 2 2 COb 2 cos

e~

2 sm

Mixed partlal derivatives are the same!

0%u
dx0y

An example of computation of second order partial derivative.?

and

dyox

dre



Total Derivative

u=f(y)
where x = @)y = @(t)

u

* Variable dependency : ’\ /
t

* Therefore t is the only independent variaple.

* Derivative of u with respect to ¢:




Implicit Function

Implicit Function: u=f(x,y)andu=0ora
constant

where 3 Xx=0(x) and y =
@ (x) e 5

* Variable dependency :

* x is the independent variable

. d
 Since u = 0 or a constant, d—z = (
 From the definition of total derivative :
du Jdu dx oJdu dy
— | = RN | v —~ — N




Composite Function

Composite Function: u=f(r,s)
where w T =0(xy)s=@xy)
* Variable dependency : ?ba

X y

 x anld y are the two independent variables

du oJu OJr oOu 0s du



Jacobian

* u=f(x,y)and v = g(x,y), where x and y are indepenu: .
variables

. u,v o(u,v
Jacobian of wuandv w.rt xandy=](—) = Jub) _
X,y 2(x,y)
ou ou
dx Jdy
ov ov
dx OJy

e u=fFf(x.v.2),v=0ag(x.,v.z)andw = h(x, v, z), where



Jacobian Properties

_0(wv) ;,, _ d(xy)
Lj_amw]_amw
then

Jx]'=1

Composite functions
u (%

— - X y X y
2.u=f(r,s)andv = g(r,s)

where r = 0(x, y) s = @(x, Y)

then
;)fdl 44\ 2[4' 44\ ;)fdﬂ ﬁ\



Maxima and Minima for f(x, y)

f(x,y) Maxima

4
A

Minima

f(a,b) > fla+hb+k) fla,b) < f(a+hb+k)



Maxima and Minima — Working Rule

Start
Va 74 \

. 0z 0z
Find o and >

Solve % =0 and 2_\21 = 0 for the solution set S = {(x1,v1),(x2,¥2), ... }
2 v
FindA =21 B =

0x?2
¥

For each (x;,y;) €S

0%f

Saddle point at (x;, y;) Perform further investigation

Maxima at (x;, ;) || Minima at (x;, y;)

All solutions Yes

> Stop

rocessed?




Maxima and Minima — Example
) 2
L(zfacc’—yz})y = 2X° — 4y -Y —4x +24y

fy=0
4x — 4y = 0 —4x +4y3 =0
= xX=y = y=0, y=1 and y=-1

= The critical points are (0,0),(1,1) and (—1,—1)
A=fo =4 B=fyy=—4and(C = f,, = 12y°

A=fo, =4 4>0 4>0 4>0

B =f,, =—4 —4 —4 —4

C = f,y = 12y? 0 12 12
AC — B? ~16 < 0 32> 0 32>0

Decision Saddle point Minimum Minimum




Lagrange s Undetermined Multipliers
* Enables to maximize or minimize a function that

1S SUbJeCt to a constraint.

* Ex1: Designing the dimensions of a box to
maximize its volume subject to a certain fixed
amount of building material (and cost)

Building

* Ex2: Maximize the area of a field subjectto ___.. "

of fencing materwfaxImIZe -,
Constraint: 500 = x + 2y



Step 1.

Step 2.

Step 3.

Step 4.

Step 5.

Lagrange’s — Working Rule

Write auxiliary function F(x,y,z) = f(x,y,z) + A 0(x, y, z), where Ais a parameter.

Find Fy, F, and F; .
Solve F, = 0, F, = 0 and F, = 0 to compute A and find the relations between x, y and z .

(xlr Y1, Zl)r

Substitute the resulting relation in @(x, y,z) = 0 and solve for the solution set § = {
(X2,V2,25), ...

stationary points.

Find the corresponding maximum or minimum or both by substituting the stationary points in

f(x,y,2).

Jof






